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ABSTRACT
Context. Observational data from X-ray binary systems provide strong evidence of astronomical objects that are too massive and
compact to be explained as neutron or hybrid stars. When these systems are in the thermal (high/soft) state, they emit mainly in the
0.1 − 5 keV energy range. This emission can be explained by thin accretion discs that formed around compact objects like black holes.
The profile of the fluorescent iron line is useful to obtain insight into the nature of the compact object. General Relativity does not
ensure that a black hole must form after the complete gravitational collapse of very massive stars, and other theoretical models such
as naked singularities cannot be discarded. The cosmic censorship conjecture was proposed by Penrose to avoid these possibilities
and is yet to be proven.
Aims. We study the effect caused by external magnetic fields on the observed thermal spectra and iron line profiles of thin accretion
discs formed around Kerr black holes and naked singularities. We aim to provide a tool that can be used to estimate the presence of
magnetic fields in the neighbourhood of a compact object and to probe the cosmic censorship conjecture in these particular astrophys-
ical environments.
Methods. We developed a numerical scheme able to calculate thermal spectra of magnetised Page-Thorne accretion discs formed
around rotating black holes and naked singularities as seen by an arbitrary distant observer. We incorporated two different magnetic
field configurations: uniform and dipolar, using a perturbative scheme in the coupling constant between matter and magnetic field
strength. Under the same assumptions, we obtained observed synthetic line profiles of the 6.4 keV fluorescent iron line.
Results. We show that an external magnetic field produces potentially observable modifications on the thermal energy spectrum and
the fluorescent iron line profile. Thermal energy spectra of naked singularities are harder and brighter than those from black holes,
and in addition, peak and cut-off energies are affected by the external magnetic field. Moreover, iron line profiles of slowly rotating
black holes suffer more changes by a uniform magnetic field, while nearly extremal black holes and naked singularities are more
altered in the dipolar case. Based on our calculations, we discard the possibility of modelling the archetypal black-hole candidate in
Cygnus X-1 as a naked singularity.
Conclusions. Comparison of our models with observational data can be used to probe the cosmic censorship conjecture and to
estimate the existence and global geometry of magnetic fields around compact objects by fitting the thermal energy spectra and iron
line profiles of X-ray binaries.
Key words. Black hole physics – Accretion disks – Magnetic fields – Line: profiles
1. Introduction
Answering the question of the final fate of an initial mass distri-
bution after gravitational collapse is an active field of research in
relativistic astrophysics. General Relativity (GR) predicts the ap-
pearance of spacetime singularities. However, it does not ensure
the formation of an event horizon covering them.
In 1969, Roger Penrose proposed the cosmic censorship con-
jecture (CCC) (see Penrose 1998, for a review in the subject).
In its weak form, the CCC roughly states that as a consequence
of the gravitational collapse of “normal” matter, every spacetime
singularity should be covered by an event horizon. Determining
whether this conjecture is true or not is amongst the most impor-
tant open problems of GR. Many different lines of thought were
pursued to shed some light onto this subject. However, although
great effort has been extended over the past 40 years, there is
⋆ Fellow of CONICET, Argentina.
still no definitive answer to whether (weak and strong) CCCs are
valid (see Joshi 2007, and references therein).
The possibility of turning a black hole into a naked singu-
larity by accretion of different types of particles was analysed in
several theoretical researches, and a variety of conclusions have
been proposed: from works finding that an extreme black hole
cannot accrete particles that would make its horizon disappear
to works that contradict this conclusion by analysing accretion
of test particles by nearly extreme black holes (see, for exam-
ple, Wald 1974a; Hubeny 1999; de Felice & Yunqiang 2001;
Jacobson & Sotiriou 2009; Saa & Santarelli 2011, for studies re-
lated to Kerr and Reissner-Nordström solutions).
Numerical experiments with different types of simple fluid
configurations have been performed to finally form a naked sin-
gularity (see, for example, Yodzis, Seifert & Muller zum Hagen
1973; Shapiro & Teukolsky 1991, 1992), showing, in principle,
counterexamples to a weak CCC. These counterexamples are of-
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ten criticised because of the extremely symmetrical initial con-
figurations and simplifying assumptions needed (Penrose 1998).
Following a rather different approach, the stability un-
der linear perturbations of the most relevant naked singular
spacetimes was systematically studied for the Schwarzschild
and Reissner-Nordström solutions (Dotti & Gleiser 2006, 2010;
Dotti, Gleiser & Pullin 2007) and for the Kerr spacetime
(Dotti et al. 2008; Dotti, Gleiser & Ranea-Sandoval 2012). The
general conclusion of this series of papers is that all naked sin-
gularities are unstable against gravitational linear perturbations.
Other authors studied the stability of the so-called superspinars
and a different family of instabilities were found (Cardoso et al.
2008; Pani et al. 2010).
The non-linear nature of Einstein’s equations almost pro-
hibits studying spacetimes of general nature, therefore only
highly symmetric spacetimes have been studied from a theoret-
ical point of view (but this is really adequate to model some
aspects of astronomical objects). This is a shortcoming when
trying to answer such a complex question as the validity of the
CCC. However, this type of studies may become relevant be-
cause they serve to compare theoretical predictions with obser-
vational data.
Despite the great efforts made, there is no conclusive evi-
dence about the actual nature of ultra-compact objects from the
observational point of view, and no direct evidence of an event
horizon has been found to date. For this reason, finding observ-
able features that could help us to distinguish between black
holes and naked singularities should be considered relevant. Any
observation of this distinctive feature would greatly enhance the
current black hole paradigm.
In this context, a common feature observed in a wide va-
riety of astrophysical environments, particularly near compact
objects, is the formation of accretion discs. A key ingredi-
ent for studying realistic accretion-disc models are equato-
rial circular orbits (Shakura & Sunyaev 1973; Page & Thorne
1974). These equatorial circular orbits were studied in the
field of a rotating naked singularity by Stuchlík (1980);
Pugliese, Quevedo & Ruffini (2011). A recent comparative
study of properties of accretion discs around black holes and
naked singularities can be found in Kovács & Harko (2010, and
references therein).
The study of magnetised accretion discs formed around
ultra-compact objects is mainly relevant because they are be-
lieved to be engines of the not yet completely understood
relativistic jets. These extremely energetic phenomena ap-
pear on a wide range of scales: from several millions of
solar mass active galactic nuclei (quasars) to stellar-mass
black holes or neutron stars (micro-quasars). As a possi-
ble explanation of jet formation, the so-called disc-jet cou-
pling has been proposed by several authors (see, for ex-
ample, Mirabel & Rodriguez 1994; Blandford & Payne 1982;
Flacke & Biermann 1999; Fender & Belloni 2004). Two of the
most widely accepted mechanisms reported to explain the ener-
getics involved in a relativistic jet are based on rotational energy
extraction from the central black hole: the Blandford-Znajek
process (Blandford & Znajek 1977) and Penrose’s mechanism
(Penrose 1969; Williams 1995, 2004).
Although accretion-disc physics are governed by a complex
non-linear combination of different processes such as gravito-
magnetohydrodynamics, turbulent viscous fluids, and radiation
fields, equatorial circular orbits play a significant role in ana-
lytical accretion-disc models. Accretion discs and compact ob-
jects are also associated with observational evidence related to
external magnetic fields. Investigating the differences between
the effects of simple magnetic field configurations on the circu-
lar orbits around a black hole and/or a naked singularity can, in
principle, help to distinguish not only the nature of the compact
object, but also the strength and geometry of the local magnetic
field.
The effects of magnetic fields on the trajectories of par-
ticles orbiting around a rotating black hole and the changes
in the innermost stable circular orbit were analysed in
Prasanna & Vishveshwara (1978); Wiita et al. (1983); Iyer et al.
(1985). Changes in the properties of these trajectories may
give rise to observable quantities that might allow discerning
between different available models for ultra-compact objects.
Ranea-Sandoval & Vucetich (2014) calculated the changes in
the innermost stable circular orbit and in the marginally bounded
orbits using an analytical perturbative approach that allows not
only testing previous numerical results, but also reinforcing
them. This approach to the problem limits the study of circular
trajectories to the plasma case, which is relevant in accretion-
disc models.
In the past years, new techniques based on a spectral analy-
sis of X-ray continuum spectra were developed. These advances
allowed estimating not only the mass of ultra-compact objects,
but also their spin parameter (McClintock et al. 2006).
Moreover, broad, skewed, and usually double-peaked fluo-
rescent iron Kα emission lines have been observed during the
past 20 years in a wide variety of galaxies and X-ray binary sys-
tems (Reynolds & Fabian 2008). The first models of line pro-
files from accretion discs around Kerr black holes were ob-
tained during the 1990s (see, for example, the works by Laor
1991; ˇCadež et al. 1998; Fanton et al. 1997). In a recent work,
Schee & Stuchlík (2013) analysed the differences between the
profiles of lines generated in the field of rotating black holes and
superspinars.
We here used the results presented in
Ranea-Sandoval & Vucetich (2014) and an adapted version
of the Fortran 95 free source code YNOGK (Yang & Wang
2013) to model the observed thermal energy spectra and Kα
iron line profiles from magnetised accretion discs formed in
general Kerr spacetimes, representing black holes and naked
singularities.
Comparisons between observational data from X-ray binary
systems and our model can be used as a tool to obtain insight
into the physical properties related to the compact object present
in these binary systems and also to test the CCC in astrophys-
ical environments. Moreover, because we took into account the
effect caused by an external magnetic field on observable quan-
tities, our results can be implemented to estimate the magnetic
field strength and geometry in the neighbourhood of the accre-
tion disc.
Our paper is organised as detailed below. In Sect. 2
we present the theoretical framework used to construct our
accretion-disc model. In Sect. 3 we describe our numerical code
and how we adapted the public ray-tracing YNOGK code to in-
clude Kerr naked singularities and magnetic field effects on the
trajectories followed by charged particles. Section 4 is devoted
to present in detail our results for observed thermal energy spec-
tra and emission line profiles for accretion discs in a generic
Kerr background spacetime with an external (uniform or dipo-
lar) magnetic field. Finally, we present the comparison between
our model and observational data of the thermal energy spectra
of Cygnus X-1, and discuss our main results in Sect. 5.
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2. Magnetised accretion discs
In various astronomical systems, magnetic fields play a decisive
role for gas dynamics. Some relevant examples are situations in
which the global magnetic field structure governs plasma mo-
tion: jet physics, solar coronal activity, and accretion processes
into compact objects such as white dwarfs, neutron stars, and
completely collapsed objects. Moreover, small-scale magnetic
field features might be relevant in the angular momentum trans-
port problem in accretion discs (see, for example, Somov 2012).
Accretion processes onto an astrophysical compact object
are extremely complex phenomena that involve understanding
a series of different physical theories (General Relativity cou-
pled to magnetohydrodynamics, turbulence, etc.). It is believed
that when the accretion process occurs through the slow move-
ment of equatorially concentrated material that falls inwards, an
accretion disc truncated at an inner radius is formed. A proper
model of where this disc truncates is of central importance in
accretion-disc theories.
The pioneering work of Shakura & Sunyaev (1973) and its
relativistic generalisation developed by Page & Thorne (1974)
sets the grounds for studying thin, optically thick accretion discs
in astrophysical environments.
The structure of the magnetic field in the neigh-
bourhood of the system formed by the compact ob-
ject plus the accretion disc is extremely complex. In
a series of works, Contopoulos & Kazanas (1998) and
Contopoulos & Papadopoulos (2012) proposed that a mecha-
nism called the Poynting-Robertson cosmic battery (CB) might
be responsible for generating an in situ and maintaining a
central dipolar magnetic field. Another viable magnetic field
configuration is one that presents almost no change in its
magnitude in the equatorial region where the disc is present.
Following these results and those obtained by Petterson
(1975), we here present results related with two different mag-
netic field configurations: uniform and dipolar.
Page-Thorne accretion discs are formed by matter orbit-
ing in equatorial circular geodesics. We uses the results for
circular trajectories followed by charged particles in a Kerr
spacetime with an external global magnetic field presented in
Ranea-Sandoval & Vucetich (2014) to model magnetised accre-
tion discs. As most accretion-disc models, ours is not completely
self-consistent because the matter in the disc and in the magnetic
field does not alter the spacetime geometry. Moreover, the mag-
netic field structure is not tied to plasma motion, and we assumed
that the currents are due to the bulk motion of the fluid in the
disk alone. For these reasons, we only treated magnetic fields of
small strengths that are weakly coupled to a plasma with a very
low conductivity.
After the structure of this disc was obtained, we calculated
the observed thermal energy spectra and fluorescent Kα iron line
profiles, focusing on the modifications introduced by the external
magnetic field.
2.1. Kerr spacetime
An object with mass M and angular momentum J = aM can be
described, using Boyer-Lindquist coordinates, with the solution
reported by Kerr (1963) to vacuum Einstein field equations. Its
line element is expressed as
ds2 = ∆ − a
2 sin2 θ
Σ
dt2 + 4aM sin2 θ r
Σ
dtdφ − Σ
∆
dr2
− Σdθ2 −
( (r2 + a2)2 − ∆a2 sin2 θ
Σ
)
sin2 θdφ2,
where ∆ = r2 − 2Mr + a2, Σ = r2 + a2 cos2 θ and the metric
signature + − −− and geometric units c = G = 1 are used.
This solution has a physical singularity, the so-called ring
singularity, at the points of spacetime in which Σ = 0 in which
the theory breaks down. In the sub-extreme case (0 < a < M),
the spacetime represents a black hole with two horizons located
at the zeros of the function ∆. The external horizon causally dis-
connects the interior from the exterior region, hiding the curva-
ture singularity. In the extreme case (a = M), the two horizons
collapse into one as the root of ∆ becomes double. In the super-
extreme case (a > M), the roots of ∆ become complex conju-
gates and no horizons are present. In this case, the ring singular-
ity is causally connected to future null infinity, and this space-
time represents what is commonly called a rotating (or Kerr)
naked singularity.
2.2. Motion in the equatorial plane
In the pioneering work of Carter (1968) (see also the recent work
by Pugliese, Quevedo & Ruffini 2011), the fundamental aspects
of the geodesic motion in Kerr spacetime were coined. The
discovery of a Killing tensor allowed separating the Hamilton-
Jacobi equation for this spacetime.
We only work with electromagnetic fields that preserve the
stationarity and axial symmetry of the background spacetime.
Therefore the Killing nature of the ∂t,φ vector fields remains un-
changed, and we have that in addition to the particle charge, e,
and rest mass, the canonical angular momentum, L, and energy,
E, are also conserved along the trajectory. These two quantities
can be expressed as
L = Uφ + eAφ,
E = − (Ut + eAt) ,
where we normalised all quantities with respect to the rest mass
of the particle considered. Ut,φ are components of the particle
four-velocity, and At,φ is the four-vector potential.
We used the arguments presented in
Bardeen, Press & Teukolsky (1972) and defined an effec-
tive potential, Veff , for the radial motion. Using the results of
Prasanna & Vishveshwara (1978), normalizing all the quantities
with respect to M (but keeping the same notation), the effective
potential reads
Veff = E = −At +
2a
(
L − Aφ
)
+
√
∆
(
r2
(
L − Aφ
)2
+ rR
)
R
, (1)
where R = r3 + a2r + 2a2.
Below we examine each of the two particular magnetic field
configurations we plan to study, but first we start by presenting
the basics aspects of the equatorial geodesic motion in the non-
magnetised scenario.
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2.2.1. Non-magnetised case
Because of its mathematical simplicity, it is illuminating to re-
view the process of finding the conserved quantities and inner-
most stable orbit for massive test particles (charged or neutral)
following equatorial circular trajectories in non-magnetised Kerr
spacetime. The general structure of the reasoning used in this
part of the work is used to study the magnetised case we present
below.
To analyse this case, we use Eq. (1) and set all the compo-
nents of the four-vector potential to 0. In the framework of the
effective potential, equatorial circular orbits are described by
Veff (rc; L, E) = 12
(
E2 − 1
)
, (2)
dVeff
dr
∣∣∣∣∣
r=rc
= 0, (3)
where rc is the radius of a generic circular orbit. Solving this
pair of equations, we determine the values of the energy, E, and
angular momentum, L, corresponding to a given value of rc.
After substituting u = 1/r, Eqs. (2) - (3) read
E2 − 1 = −2u +
[
L2 − a2
(
E2 − 1
)]
u2 − 2 (L − aE) u3,
0 = −1 +
[
L2 − a2
(
E2 − 1
)]
u − 3 (L − aE) u2.
When we combine these two equations, introduce a new con-
served quantity x = L−aE, and rearrange the terms properly, we
can rewrite these basic equations as
E2 = (1 − u) + x2u3, (4)
2xaEu = x2u (3u − 1) −
(
a2u − 1
)
. (5)
After eliminating E, we obtain a biquadratic equation that
can be solved for x2 to derive
x2 =
(
a
√
u ± 1
)2
u
(
1 − 3u ∓ 2a
√
u3
) . (6)
In the previous expression, the lower (upper) signs corre-
spond to co-rotating (counter-rotating) orbits.
The stability condition for circular orbits requires
d2Veff/du2 ≥ 0. From this inequality it follows that these
orbits must have x < 0, and thus energy, angular momentum,
and angular velocity of equatorial stable circular orbits can be
derived as
E =
1 − 2u ∓ au3/2√
1 − 3u ∓ au3/2
, (7)
L = ∓ 1 + a
2u2 ± 2au3/2
√
u
√
1 − 3u ∓ 2au3/2
, (8)
Ω =
1
a ± u−3/2 . (9)
The marginally or innermost stable circular orbit, risco,
can be obtained from Eqs. (7)-(9) by means of the equality
d2Veff/du2 = 0, which yields
risco = 3 + Z2 −
√
(3 − Z1) (3 + Z1 + 2Z2), (10)
 0
 1
 2
 3
 4
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 0  0.5  1  1.5  2
r i
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Fig. 1. Radii (in gravitational radii, rg = GM/c2) of the innermost stable
circular orbit, risco, as a function of the spin parameter, a. The black thick
line corresponds to the non-magnetised case (which, at first order in λ,
remains unchanged for the uniform magnetic field case). Dashed lines
correspond to first-order correction to risco for the dipolar magnetic field
configuration for different values of λ (see the legend).
where
Z1 = 1 +
(
1 − a2
)1/3 [(1 + a)1/3 + (1 − a)1/3] ,
Z2 =
√
3a2 + Z21 .
In Fig. 1 we plot risco with a black thick line as a function of
the spin parameter a. The non-rotating Schwarzschild solution
risco = 6rg is recovered for a = 0.
2.2.2. Magnetised case
In presence of an external magnetic field with the characteris-
tics of the fields we are interested in, a similar analysis can be
performed.
The expressions involved are more complicated and the re-
sults are harder to interpret. In the following subsections we
study some aspects of this particular problem.
In Wiita et al. (1983) and Iyer et al. (1985), the authors anal-
ysed the coupling between the effective charge of a volume el-
ement and the external magnetic field, quantified by the λ pa-
rameter. In these works the force on the fluid element due to
the magnetic field was calculated using the Lorentz force, where
the current is assumed to be in the direction of the bulk motion
of the fluid, which is valid for a very low-conductivity plasma.
They found that for a fluid disc that is electrically neutral over
large scales, this parameter is in the λ ≪ 1 regime, while for
charged test particles, λ can easily exceed unity. Although the
matter of the disc should be neutral as a whole, some charge
separation is expected as a consequence of complex effects re-
lated to plasma dynamics. In the weak-coupling limit, where the
global dynamics of fluid elements are governed by gravity, the
problem can be approached based on the study of the small de-
partures from geodesic paths followed by macroscopically neu-
tral fluid volume elements. Based on these results, we conclude
that the perturbative analysis we performed here to calculate cir-
cular trajectories can be used to study a fluid relativistic accretion
disc.
The procedure for finding the radius, energy, and angular
momentum of these trajectories is, essentially, the same as in the
non-magnetised case. The main difference are the much more
involved mathematical formulae.
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To recover the expression of Hobson, Efstathiou & Lasenby
(2006) for the non-magnetised case, we worked with an alter-
native form of the effective potential that we named Ueff . This
expression can be inserted as a function of the u-radial coordi-
nate in this way:
Ueff = U0 + λU1 + λ2U2, (11)
where λ measures, as we have said, the coupling between the
external magnetic field and the particles effective charge and the
quantities Ui are defined as
U0 = −x2u3 +
(
x2
2 + xEa +
a2
2
)
u2 − u
U1 = (Ea − x)
(
a2
2
u2 − u + 1
2
)
(12)
U2 =
1
8
(
u−2 − 2u−1 − 2a2 + 8a2u −
(
3a2 + 4
)
a2u2 + 2a4u3
)
.
After imposing the circular orbit condition, the previous
equation and its derivative with respect to the u-radial coordi-
nate can, in principle, be used to obtain E and x as a function
of u, similar to Eqs. (4)-(5) for the non-magnetised case. Equa-
tion dUeff/du = 0 is a linear equation for E, and after solving it
and inserting the result in an appropriate combination of Eq. (11)
and its derivative with respect to u, a complete quartic equation
for x is derived. This equation is typically solved numerically,
but Ranea-Sandoval & Vucetich (2014) adopted a different ap-
proach. Based on the exact solution for the non-magnetised case,
we treated the magnetised case perturbatively in the λ parame-
ter using the following procedure: we expanded the conserved
quantities and their equations in a Taylor polynomial and used a
few steps of the Newton method to find roots of a transcendental
equation to derive an exact solution (up to the perturbation order
we worked with).
We constrain our study to astrophysically relevant co-
rotating orbits. Using the exact solutions for the non-magnetised
case as seeds for the magnetised case, we improved them by
means of Newton’s method to find analytical solutions to a tran-
scendental equation. After this we obtained the perturbative first-
order solutions. These new conserved quantities fully charac-
terise the circular orbits, which are key features for studying
accretion-disc models. In the same way, using the first-order con-
served quantities and Eq. (10) for the risco in the non-magnetised
case as a seed, we obtained the first-order correction to its posi-
tion.
To obtain the position of the innermost stable circular orbit,
the equation to be solved is
d2Ueff(u, E, x; a, λ)
du2
= 0. (13)
Because we consider the weakly coupled case, we can ex-
pand in Taylor series the previous equation to obtain
d2Ueff(u, E, x; a, λ)
du2
=
d2Ueff(u0isco, E0, x0; a, λ = 0)
du2
+
ǫisco
d3Ueff
du3
∣∣∣∣∣∣
λ=0
+ λ
d
dλ
(
d2Ueff
du2
)∣∣∣∣∣∣
λ=0
= 0. (14)
In this step, we explicitly used the analytical expression ob-
tained for both E and x to the perturbative order we work with.
The solution to this equation gives the position of the innermost
circular stable orbit for the pair (a, λ). It is easy to derive that the
first-order correction, ǫisco, can be written as
ǫisco = −λ
d
dλ
( d2Ueff
du2
)∣∣∣∣
λ=0
d3Ueff
du3
∣∣∣∣
λ=0
. (15)
It is important to note that with our perturbative approach we
were able to reproduce numerical results obtained in previous
works for black holes with low values of the λ parameter for a
wide range of the spin parameter a. As an example, for a = 0.5
and λ = 0.455 the value for the co-rotating innermost stable or-
bit found in Wiita et al. (1983) is risco = 2.77, which is exactly
the same value as we found and shows the excellent agreement
between the two approaches. In the uniform case, this first cor-
rection is zero and the first not null correction is O(λ2) (see Eq.
(17)).
2.3. Uniform magnetic field
The first exact solution for an external electromagnetic field in
a Kerr background was found by Wald (1974b). He derived the
electromagnetic field of a rotating black hole placed in a mag-
netic field that originally is uniform and aligned with the spin
axis; this configuration can be used as the first rough approxima-
tion to the magnetic field produced by the disc in the equatorial
plane.
Using Teukolsky’s formalism (Teukolsky 1972), Petterson
(1975) derived explicit expressions for general stationary axi-
ally symmetric electromagnetic fields in a Kerr background. Us-
ing the explicit solution of the spacetime background given in
Petterson (1975), the four-vector potential can be expressed as
Aµ =
(
At, 0, 0, Aφ
)
,
where
At = −aB
(
1 − Mr
Σ
(
2 − sin2 θ
))
,
Aφ =
B sin2 θ
2Σ
[(
r2 + a2
)2 − ∆a2 sin2 θ − 4Ma2r] ,
where B is the magnetic field strength.
The expressions that appear in Prasanna & Vishveshwara
(1978) can be used without changes to study the effects on the
orbits around a naked singularity. Instead of the usual numeric
treatment of the problem, we are interested in obtaining analyt-
ical expressions in a perturbative way. For this magnetic field
configuration, the coupling constant between the effective charge
and the magnetic field strength is
λU =
e
m
BM, (16)
where e and m are the charge and rest mass of the particles, re-
spectively.
2.3.1. Innermost stable circular orbit
For sake of simplicity, it is useful to define a new ra-
dial coordinate u0isco = 1/r
0
isco. For this magnetic field ge-
ometry the linear correction in λU for risco is null because
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dE
dλ
(
u0isco, x
0; a, λU = 0
)
= 0, and thus the first non-zero correc-
tion to the u-position of the innermost stable circular orbit, ǫUisco,
due to a uniform magnetic field, is quadratic in λU and its ex-
pression is given by
ǫUisco = −
1
2
λ2U
d2E
dλ2
(
u0isco, x
0; a, λU = 0
)
dE
dǫUisco
∣∣∣∣∣
ǫUisco=0
(
u0isco, x
0; a, λU = 0
) . (17)
Because here we work only with first-order corrections in λ,
for the uniform magnetic field case, we set risco = r0isco. We refer
to Ranea-Sandoval & Vucetich (2014), where more figures are
available.
2.4. Dipolar magnetic field
A possible explanation of how a black hole plus accretion-
disc system can maintain a global dipolar magnetic field con-
figuration was proposed in Contopoulos & Kazanas (1998);
Contopoulos & Papadopoulos (2012). This makes studying this
type of magnetic field geometry particularly interesting.
Following the results obtained in Petterson (1975) for a dipo-
lar magnetic field without electrostatic charge, we can write the
non-zero components of the four-vector potential as
At = − 3aµ2 (1 − a2) Σ
(
f1 (r, θ) lnΘ
2
√
1 − a2
−
(
r − M cos2 θ
))
,
Aφ = − 3µ sin
2 θ
4
(
1 − a2) Σ
(
f2 (r, θ) + f3 (r, θ) lnΘ
2
√
1 − a2
)
,
where µ is the dipole moment, which we here consider parallel
to the spin axis, fi (r, θ) , i = 1, 2, 3 are functions defined as
f1 (r, θ) = r (r − M) +
(
a2 − Mr
)
cos2 θ,
f2 (r, θ) = (r − M) a2 cos2 θ + r
(
r2 + Mr + 2a2
)
,
f3 (r, θ) = −
[
r
(
r3 + a2r − 2Ma2
)
+ ∆a2 cos2 θ
]
and Θ is given by
Θ =
r − M +
√
1 − a2
r − M −
√
1 − a2
.
An important feature of the four-vector potential is that like
the background spacetime, it is singular at the ring singularity.
The analysis reported by Prasanna & Vishveshwara (1978) can
be extended for the extreme (a = M) Kerr case by studying the
particular limiting case and the super-extreme (a > M) Kerr case
through the analytical extension in the complex plane of the log-
arithmic function.
For this magnetic field configuration the coupling constant
between the effective charge and magnetic field strength is
λD =
eµ
M2
. (18)
2.4.1. Innermost stable circular orbit
To study the marginal orbits we adopted the same procedure as
in the previous cases and note that contrary to what happened for
the uniform magnetic field, the correction to the position of the
marginally stable orbit is linear in the parameter λD. In Fig. 1 we
plot our results for risco as a function of the spin parameter, a,
for a set of values of the λ parameter. As a black solid line we
plot the non-magnetised risco, which is coincident with the uni-
form magnetic field case at first order in λ. Because our pertur-
bative approach is invalid in the close neighbourhood of a = 1,
the dashed curves for the magnetised case are not continuous. In
this limit, the leading term of the correction is proportional to
λ
1−a r
0
isco. This can be used to restrict the range of spin parametrs
that can be treated with our perturbative approach in the follow-
ing manner: If a change of δisco% in the non-magnetised value
for risco is accepted as a perturbation, then for a given value of λ,
our method is invalid in the range |λ| < δisco|1−a|. From the same
figure, it follows that for black holes the risco for the magnetised
case when λ > 0 (black lines) is larger than the non-magnetised
case one, while for naked singularities, the opposite occurs. For
λ < 0 (grey lines), it behaves in the opposite way, as expected.
3. Numerical code
In this section we present the numerical code we developed and
describe how we obtained the observed thermal energy spectra
and emission line profiles of accretion discs by solving the equa-
tions presented in the previous section.
To obtain the observed thermal energy spectrum or line pro-
files, our numerical code proceeds following four steps:
– We obtain the properties of circular trajectories followed by
matter in the disc at radii r.
– We obtain the specific intensity I(ν) emitted at each radii r,
on the disc.
– We evaluate the relativistic effects suffered by photons emit-
ted on disc as they travel to the observer.
– We calculate the absorption of photons by the interstellar
medium.
First of all, from Eqs. (7), (8) and (9) of Sect. 2 we obtained
the energy, E, angular momentum, L, and angular velocity,Ω, of
circular orbits followed by massive particles, as a function of the
radial coordinate, r and the spin frequency of the compact object,
a, for the non-magnetised case. By a similar procedure, we ob-
tained these quantities from equivalent equations for the uniform
and dipolar cases in terms of the coupling constant parameter, λ.
From Eq. (10) we calculated the size of the innermost stable cir-
cular orbit, risco for each value of a, which we assumed as the in-
ner radius of the discs for non-magnetised and uniform magnetic
field cases (as in this case the first-order correction is quadratic in
λ). In a similar manner, we calculated risco for the dipolar case as
a function of a and λ. At this point, following Dove et al. (1997),
we set the outer radius of the disc rout = 11risco.
Following Page & Thorne (1974), the energy flux as a func-
tion of the radial coordinate, Q(r), for a relativistic accretion disc
is given by
Q(r) = −
˙M
4π√−gM
Ω,r
(E −ΩL)2
∫ rout
risco
(E −ΩL) L,r′dr′, (19)
where ˙M is the mass accretion rate, which is a free parameter in
our model, gM is the determinant of the metric tensor, and Ω,r
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and L,r are the derivatives of the angular velocity and angular
momentum with respect to the radial coordinate, for which we
deduced analytical expressions for each magnetic field configu-
ration based on Eqs. (7), (8) and (9) of Sect. 2.
Now, using Eq. (19) and following the standard method for
a steady-state optically thick and geometrically thin accretion
disc (Page & Thorne 1974; Li et al. 2005), the energy flux emit-
ted at the surface of the disc as seen by a locally co-rotating
observer, f (r), can be obtained. Then, by means of the Stefan-
Boltzmann law for blackbody radiation, an effective tempera-
ture, Teff(r), can be deduced as Teff = 4
√Q(r)/σSB, where σSB is
the Stefan-Boltzmann constant. Using this temperature distribu-
tion on the disc, and assuming thermal blackbody radiation, the
intensity emitted at frequency ν, I(ν) follows the Planck law:
I(ν, r) = hν
3
exp
(
hν
kBTeff (r)
)
− 1
. (20)
The effective temperature can be corrected using a Comp-
tonisation parameter, fcol, which takes into account non-thermal
effects that might occur in the inner regions of the accretion disc.
For the line profiles, we assumed monochromatic emission
at ν0 (which, for example, can be set to 6.4 keV for the Kα iron
line), represented by a Dirac delta function. Then, assuming a
power-law emissivity distribution of index 0 < p < 4 (see, for
example, Tanaka et al. 1995), the intensity emitted at the surface
of the disc, in the local rest frame, takes the form
I (ν, r) = ǫ0
rp
δ (ν − ν0) , (21)
where ǫ0 is a constant. To obtain the spectrum of the thermal
emission and/or the emission line profile, the intensity needs
to be integrated over the whole disc. However, because we are
interested in the spectra and line profiles as seen by a dis-
tant observer at arbitrary position, we incorporated a ray-tracing
technique to evaluate the geodesics of photons between a plate
placed at the observer’s position and the surface of the disc.
For this we adapted the public Fortran 95 code YNOGK
(Yang & Wang 2013), which includes all the relativistic effects
suffered by photons: Doppler boosting, gravitational redshift,
and gravitational light bending. We modified the expressions for
the conserved quantities of massive particles following circular
geodesics to the corresponding expressions described in Sect. 2
to include the magnetic field effects. We also broke the restric-
tion |a| ≤ 1, which allowed us to study Kerr naked singularities.
Since I(ν)/ν3 is invariant along a geodesic
(Misner, Thorne & Wheeler 1973), the integral on the sur-
face of the disc is converted to an integral over the observer’s
plate in α and β coordinates:
Fobs (νobs) =
∫
plate
hν3
obs
exp
( hνobs
gkB fcolTeff
)
− 1
dαdβ, (22)
where g = νobs/ν0 is the redshift of the photon, which incor-
porates all the relativistic effects already described. Dividing by
the energy, the photon number density is Nobs = F (νobs) /Eobs.
In the same manner, the line profile results
Fobs (νobs) =
∫
plate
ǫ0
rp
g4δ (h (νobs − gν0)) dαdβ. (23)
 0.1
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Fig. 2. Typical on-disc temperature profiles as a function of the gravita-
tional radius, r, in gravitational radii, rg = GM/c2, for different values
of the spin parameter, a. Continuous (dot-dashed) lines correspond to
accretion discs formed around black holes (naked singularities). Pro-
files extend from rin = risco to rout = 11risco .
Finally, to fit observational data with the spectra obtained
from our model, we used the analytical expression for the inter-
stellar absorption cross-section of X-ray photons given by Ryter
(1996), parameterised by the hydrogen column density, NH.
4. Results
After presenting the central aspects of our model and numeri-
cal code, below we focus on our results and their implications.
We divide them into two subsections: one for the thermal energy
spectra and the other for the emission line profiles.
4.1. Thermal energy spectra of magnetised accretion discs
In Fig. 2 we show on-disc temperature profiles as a function of
the radius, r, for different values of the spin parameter, a. In
black we plot profiles for black holes with a = 0.5, 0.9, 0.998
and in grey we plot profiles for naked singularities a = 1.05,
1.50, 3.00. For black holes, the peak temperature grows in the
inner region of the discs for increasing a as risco decreases. For
naked singularities, risco has the same behaviour until a = 1.089
and then becomes a growing function with respect to a, and thus,
the peak temperature decreases for a ≫ 1. It is noticeable that
even for black holes and naked singularities with the same risco,
the on-disc temperature profiles look different, which will pro-
duce differences in their observed thermal spectra.
In Fig. 3 we plot a family of observed thermal energy spectra
obtained for a series of values of the spin parameter 0 < a < 3
for magnetised accretion discs with i = 30◦, fcol = 1.6, and con-
sidering the mass and accretion rate of Cygnus X-1 (Gou et al.
2011). As a direct consequence of the results described in Fig. 2
for the on-disc temperature profiles, observed thermal spectra for
black holes become harder and more luminous as a → 1. This
behaviour continues for naked singularities as a < 1.089 and the
strongest rising in the brightness occurs in the neighbourhood of
a = 1. Then, for a > 1.089, the thermal spectra become dimmer
and the peak energy decreases, resulting in softer spectra. Two
main observables arise from this analysis: peak temperature and
cut-off energy, which can be used to compare spectra from dif-
ferent models with observational data.
To analyse the imprints of relativistic effects on the observed
thermal energy spectra, in Fig. 4 we plot the images that ac-
cretion discs would produce in a hypothetical plate where the
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Fig. 3. Family of thermal energy spectra as a function of the spin pa-
rameter, a, for i = 30◦, fcol = 1.6 and the mass and accretion rate of
Cygnus X-1, for a uniform magnetic field with λ = 0.1. The grey scale
represents νLν in erg s−1 (see the legend). Note the sharp change in the
spectra around the interface a ∼ 1.
observer is situated. In grey scale we represent the temperature
scale gTcol = g fcolTeff , where Teff is the on-disc temperature
and the factor g is a combination of the gravitational redshift
and Doppler boosting. Moreover, light-bending effects are clear
by the observed shape of the discs, which, at the local rest of
frame, are circular. In the left (right) panel of Fig. 4 we plot the
image of a magnetised black hole (naked singularity) accretion
disc with a = 0.99 (a = 1.05), fcol = 1.6 and i = 60◦. As in
the temperature profiles, harder emission comes from the inner
regions of the disc, while in the outer region the emission looks
softer. The horizontal asymmetry observed in the disc emission
is a direct consequence of the Doppler boosting of photons com-
ing from the disc, while the vertical asymmetry in the disc shape
is caused by light-bending in the Kerr background spacetime.
Because there is no event horizon, a second partial image of the
disc is observed inside the inner radius of the main image for the
naked singularity. This fact will play an important role for the
shape of the emission line profiles.
Now we focus on the effects that the introduction of an ex-
ternal uniform or dipolar magnetic field have on the observed
thermal energy spectra. For this, we present in Fig. 5 thermal en-
ergy spectra for two pairs of black holes (black lines) and naked
singularities (grey lines) for different inclination angles consid-
ering non-magnetised (λ = 0) and uniform (λU = 0.1) and dipo-
lar (λD = 0.1) magnetised accretion discs.
In the top panels of Fig. 5 we plot thermal spectra for a black
hole of a = 0.5 and a naked singularity of a = 1.5. For these
values of a, the risco is far from the critical value for a ∼ 1, and
thus the accretion discs extend to high r values. Because ther-
mal spectra for dipolar magnetic fields are almost indistinguish-
able than for non-magnetised discs, the differences are stronger
for uniform fields because they dominate the circular trajecto-
ries in the outer regions, where dipolar magnetic fields dilute. In
particular, for λU = 0.1, the peak intensity dims, while the cut-
off energy remains insensitive. As expected, for almost extremal
black holes and/or naked singularities (a ∼ 1), in contrast, the ef-
fects caused by dipolar magnetic fields are slightly stronger than
those from uniform magnetic fields (see bottom panel of Fig. 5).
In both cases, the peak intensity and cut-off energy are affected
in similar ways.
4.2. Emission line profiles
We continue the presentation of our results with the observed
relativistic line profiles. Although our results for line profiles are
completely general for any line emitted on the surface of the
accretion disc, they become particularly interesting from an as-
trophysical point of view for the fluorescent 6.4 keV Kα iron
line. The profile of the iron line has been studied as a tool for ob-
taining physical parameters of the accretion discs independently
of the thermal energy spectrum (Reynolds & Fabian 2008). In
the same way as for thermal energy spectra, the observed pro-
files depend on the spin parameter, a, the inclination angle, i,
the geometry of the magnetic field, and the coupling between
its strength and the effective charge of the particles of the ac-
cretion disc, λ. Moreover, as the redshift g of photons arriving
at the observer’s plate depend on Doppler boosting, which, as
we already discussed for thermal spectra, is enhanced in the in-
ner region of the disc with respect to the outer region, observed
line profiles also depend on the emission law assumed for the
radiating disc. In our case, we assumed the standard power-law
form ǫ0/rp, where p is the emissivity index (see, for instance,
Fanton et al. 1997). For the same reason, the profiles also depend
on the extension of the radiating disc. As for thermal spectra, in
this work we assumed rout = 11risco.
To analyse possible differences in the observed line profiles
arising from different emissivity indexes, in Fig. 6 we present
our results for non-magnetised (λ = 0) normalised relativistic
line profiles assuming p = 2 (top panels) and p = 3 (bottom
panels), for fixed values of the spin parameter a = 0, 0.99,
1.089 and 2, and three different inclination angles i = 0◦, 30◦
and 75◦. The plot shows that, as expected, emission line pro-
files become harder for higher inclinations. For black holes, the
line profiles for low inclinations look narrower and simpler than
those corresponding to naked singularities. For naked singular-
ities, the line profiles show a multi-peak structure because the
secondary image of the disc comes from inside the inner region
(see right panel of Fig. 4). Our results agree with those found by
Schee & Stuchlík (2013) for black holes and superspinars. Gen-
erally speaking, p = 3 line profiles are broader than p = 2 pro-
files, especially in the red wings. Below we assume p = 3.
Now we focus on the effects on emission line profiles when
an external magnetic field is included. First, in Fig. 7 we plot our
results for the uniform magnetic field for three different values
of λU = 0.05 and 0.1, using dashed lines, and λU = −0.05 using
solid grey lines. As a reference, we plot the non-magnetised case
with solid lines. In the top (bottom) panels we plot the line pro-
files obtained assuming i = 30◦ (i = 75◦) and a = 0.5, 0.99 and
1.2. For low values of the spin parameter, a, accretion discs ex-
tend to outer regions where the effects of the uniform magnetic
field configuration dominate the trajectories, and thus, the emis-
sion line profiles are strongly affected. In contrast, as a grows
and the discs shrink, the effects become less relevant, but still
noticeable for these values of λU. For a < 1 and λ > 0, the peak
energy of the emission line profiles dims as λ grows, while for
λ < 0 the opposite occurs. For naked singularities, peak energy
and red wings of emission line profiles are only weakly affected.
Secondly, in Fig. 8 we present our results for the dipolar
magnetic field for the same parameters. In this case, in con-
trast to the uniform field, the dipolar magnetic field dominates
in the inner regions of the discs and thus the main changes in the
shape of the line profiles occur for values of a ∼ 1, as risco → 1.
This explains why line profiles of magnetised accretion discs for
a = 0.5 are almost indistinguishable from the non-magnetised
case, even for λ < 0. As a grows, this characteristic changes rad-
ically, and emission line profiles become more sensitive to the
value of λD. For extremely fast spinning black holes, the effect
of the dipolar magnetic filed on the line profile dominates in the
red wings, while for naked singularities, the blue-shifted peak
becomes brighter.
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Fig. 4. Images at the observer’s plate of accretion discs tilted with i = 60◦, fcol = 1.6, mass and accretion rate of Cygnus X-1 and a uniform
magnetic field with λ = 0.1. Left panel corresponds to the silhouette of a disc formed around a black hole with a = 0.99. Right panel corresponds
to a disc around a naked singularity with a = 1.05. The grey scale represents the logarithm of the temperature scale, gTcol, in Kelvin. Cartesian
axes represent the impact parameters on the observer’s plate in gravitational radii, rg = GM/c2.
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Fig. 5. Thermal energy spectra of accretion discs formed around black holes (black lines) and naked singularities (grey lines) for inclinations,
from left to right, i = 0◦, 60◦, 80◦. Top (bottom) panels correspond to black holes with a = 0.5 (a = 0.95) and naked singularities with a = 1.5
(a = 1.2). Solid lines represent the non-magnetised case. Dashed (dotted) lines represent the uniform (dipolar) magnetic field configuration with
λ = 0.1.
5. Discussion
Using a perturbative approach, we were able to analytically re-
produce previously reported numerical results for the radii of
the most relevant circular orbits of charged particles orbiting a
Kerr black hole with an external uniform and/or dipolar mag-
netic field, also extending these results to the super-spinning
Kerr naked singularity case. Based on these results, and combin-
ing them with a public ray-tracing code (Yang & Wang 2013),
we developed a numerical model capable of calculating synthetic
energy spectra of the thermal radiation emitted by a relativistic
accretion disc formed in a general Kerr background spacetime
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Fig. 6. Emission line profiles of non-magnetised accretion discs formed around black holes and naked singularities for four different values of the
spin parameter, a (see the legend), for inclinations, from left to right, i = 0◦, 30◦, 75◦. Top (bottom) panels correspond to an emissivity index
p = 2 (p = 3).
as well as emission line profiles originating at the surface of
the disc, as seen by an arbitrary distant observer. We studied
non-magnetised accretion discs, recovering the well-known re-
sults from Page & Thorne (1974), and extended these results by
analysing the effects caused in thermal energy spectra and emis-
sion line profiles by introducing an external uniform or dipolar
magnetic field.
Uniformly magnetised accretion discs are more affected for
slowly spinning black holes and highly spinning naked singular-
ities for which the innermost stable orbit is far from the compact
object, and the disc extends to regions where the magnetic field
strongly affects the circular trajectories. As the dipolar magnetic
field dominates the circular trajectories close to the compact ob-
ject, the properties of accretion discs are in contrast more af-
fected for nearly extremal black holes and/or naked singularities.
Although the effects caused by introducing an external magnetic
field on the thermal energy spectra of accretion discs seem hard
to distinguish from other uncertainties such as the colour factor,
the size of the disc, spin, and inclination, relativistic iron line
profiles are heavily affected, and thus we suggest that simulta-
neous fitting of the thermal spectra and emission line profiles by
means of our model can become a useful tool for estimating the
presence, intensity, and geometry of the global magnetic field
structure of accretion discs around compact objects.
To compare our theoretical results for the thermal energy
spectra of accretion discs with archival observational data of
X-ray binaries, we must take into account the X-ray absorption
produced by the interstellar medium. Interstellar absorption de-
pends on the cross sections of nuclei and is parameterised by
the hydrogen column density, NH (Wilms et al. 2000). To esti-
mate interstellar absorption, we incorporated the analytical fit
provided by Ryter (1996), for which the cross section is given
by 1024σ(E)[cm2] = (243.88 − 16.594E)E−2.348 for X-ray pho-
tons in the 0.532 keV < E < 7.111 keV energy range.
The black-hole candidate Cygnus X-1 is one of the most fre-
quently studied X-ray binaries. Its mass, spin parameter, dis-
tance, inclination angle, and mass accretion rate are known with
high accuracy. Thus, as an illustrative example, we applied our
model to fit X-ray data of this source in the soft state, when the
disc emission dominates the X-ray spectra.
In Fig. 9 we present the comparison of our results and
the number of observed photons, Nfot, of Cygnus X-1 in the
0.3 keV < E < 10 keV energy range taken from Gou et al.
(2011). The best fit to the data is achieved for a value of the
spin parameter a = 0.998 (grey solid line). Moreover, an im-
provement of the fitting is obtained if we add a uniform mag-
netic field with λU = 0.1 (black solid line). For this fit, the rest
of the parameters, fcol = 1.8, ˙MM−2, i and NH, are the accepted
values for Cygnus X-1 (Gou et al. 2011). To determine whether
a Kerr naked singularity can also model the thermal emission
of Cygnus X-1, we present in the same plot the thermal spec-
tra expected for a = 1.05 (dot-dashed line). Although the peak
intensity depends on the distance, the observed peak energy for
a naked singularity is too hard to fit the observational data of
this source, which excludes the possibility of explaining the ob-
served emission with a naked singularity under this accretion-
disc model, agreeing with the weak CCC. To show the intensity
of the interstellar absorption effects on the observed energy spec-
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Fig. 7. Emission line profiles of accretion discs formed around black holes (a = 0.50, 0.99) and naked singularities (a = 1.2) for two inclinations:
i = 30◦ (top panels) and i = 75◦ (bottom panels). The solid lines represent the non-magnetised case. Long-dashed (short-dashed) lines represent
uniform magnetic field configurations with λU = 0.05 (λU = 0.1). The grey solid line corresponds to λU = −0.05. The emissivity index is fixed to
p = 3.
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tra, we present the unabsorbed thermal spectra assuming NH = 0
as a dashed line.
Answering the question of whether the cosmic censorship
conjecture is valid or not is one of the main problems that gen-
eral relativistic and high-energy astrophysics communities face.
The huge technical difficulties of the quest of solving this prob-
lem makes astrophysical studies of compact objects highly im-
portant because they can become a unique tool for testing the va-
lidity of the weak cosmic censorship conjecture. In this context,
the development of theoretical tools that can be used to deter-
mine the nature of the compact object in an X-ray binary system
has been an area of great activity during the last decades. Being
able to estimate the nature and strength of the magnetic field in
the close region to the compact object present in these types of
binaries is of highly interesting and important for understand-
ing the complex scenario in which accretion discs form. As most
of the estimates for the magnetic field come by means of prop-
erties of the non-thermal radiation produced far away from the
disc, that is, using polarimetric γ-ray observations (Laurent et al.
2011; Romero, Vieyro & Chaty 2014) and Faraday rotation mea-
surements (see, for example, Marrone et al. 2007; Eatough et al.
2013), studying the effects caused by an external global mag-
netic field on the thermal emission of accretion discs becomes
relevant for these purposes.
Although the most appropiate framework in which to model
a magnetised accretion disc in a Kerr background is to study the
fully non-linear problem under the magnetohydrodynamic ap-
proximation, this quest is beyond the scope of our work. It is
important to note that in our model we assumed three funda-
mental hypotheses: the matter that constitutes the accretion disc
does not alter the background spacetime geometry, the magnetic
field is not consistently generated by the matter forming the ac-
cretion disc, and this matter is a very low-conductivity plasma
where the currents are due to bulk motion of the fluid alone. The
second assumption is what we call the weak-coupling regime in
which matter trajectories are affected by the external magnetic
field, but not the other way round. Since our third hypothesis is
not completely justified, a more detailed study of this assump-
tion is needed. Although our hypotheses are a strong simplifi-
cation of the actual physical picture, it is worthwhile to do this
because the focus of our work was not the reason or manner in
which the magnetic field is generated, but to analytically obtain
the observable effects induced by its presence, which we com-
pared with observational data to obtain insight into the nature of
these phenomena.
Through this work, we present a tool that can be used to
estimate the presence of a magnetic field in the neighbour-
hood regions of an accretion disc formed around a general Kerr
background spacetime. Systematic fitting of thermal spectra and
emission line profiles from known X-ray binaries is beyond the
scope of this paper. For this purpose, we plan to make public the
whole set of results obtained with our model to make our results
available to the whole community.
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